The maximum efficiency for photovoltaic (PV) and thermoelectric generator (TEG) systems without concentration is investigated. Both a combined system where the TEG is mounted directly on the back of the PV and a tandem system where the incoming sunlight is split, and the short wavelength radiation is sent to the PV and the long wavelength to the TEG, are considered. An analytical model based on the Shockley-Queisser efficiency limit for PVs and the TEG figure of merit parameter zT is presented. It is shown that for non-concentrated sunlight, even if the TEG operates at the Carnot efficiency and the PV performance is assumed independent of temperature, the maximum increase in efficiency is 4.5 percentage points (pp.) for the combined case and 1.8 pp. for the tandem case compared to a stand alone PV. For a more realistic case with a temperature dependent PV and a realistic TEG, the gain in performance is much lower. For the combined PV and TEG system it is shown that a minimum zT value is needed in order for the system to be more efficient than a stand alone PV system.
Introduction
Conversion of solar radiation directly to electricity with as high efficiency as possible is of immense interest to society. Photovoltaic devices (PV) that can directly convert parts of the solar spectrum to radiation receive a significant amount of attention, but recently additional energy conversion technologies that can utilize the remaining part of the solar spectrum have come into focus. The part of the solar spectrum not converted by a PV is typically turned into heat, and this has lead to an increased focus on coupling a PV with a thermoelectric generator (TEG), which can convert a flow of heat directly to electrical energy through the Seebeck effect.
A combination of a PV and a TEG could potentially have a higher efficiency, i.e. be able to convert a larger fraction of the incoming solar radiation into electricity, than a PV alone. There are two ways to realize a system containing both a PV and a TEG device. In a combined system, the TEG is mounted directly on the back of the PV. The heat absorbed by the PV is transferred through the TEG, generating electricity. In a tandem system, the incoming sunlight is split in wavelength by a wavelength separating device (beam splitter/dichroic prism), and the short wavelength radiation is sent to the PV while the long wavelength goes to the TEG. The two kinds of PV and TEG systems are illustrated in Fig. 1 .
The tandem system has been studied previously Luque and Martı [1999] ; Zhang et al. [2005] ; Kraemer et al. [2008] , and experimental systems have also been realized, but only with small gains in open circuit voltage and efficiency Mizoshiri et al. [2012] ; Ju et al. [2012] . A review of the field from an experimental point of view was presented in Sundarraj et al. [2014] . The combined system has also been considered in some detail Van Sark [2011] ; Kiflemariam et al. [2014] ; Liao et al. [2014] ; Zhang et al. [2014] ; Attivissimo et al. [2015] ; Wu et al. [2015] , with a number of studies focussing on the effect of concentration on the performance of the combined system. Recently, Beeri et al. investigated an experimental setup with a PV and a Bi 2 Te 3 TEG and found that a concentration factor of 200 was needed before the TEG electrical contribution started to dominate Beeri et al. [2015] . However, the overall system efficiency did not increase as the concentration was increased. In another experimental study Kossyvakis et al. examined a PV and TEG system, where the PV was either poly-Si or dye-sensitized based. The authors observed that only for the lower efficiency dye-sensitized cell was the resulting system performance similar to the operation of the PV alone Kossyvakis et al. [2016] . Finally, in a numerical study Lamba et al. modelled a combined PV and TEG system and found that increasing the concentration from one to five decreased the total system efficiency, due to the temperature dependency of the PV Lamba and Kaushik [2016] . In general, the conclusion is that with concentration a gain in performance is possible Vorobiev et al. [2006] ; Lin et al. [2014] ; Xu et al. [2014] ; Najafi and Woodbury [2013] ; Fisac et al. [2014] , but without concentration and using commercial TEG modules, no gain in performance is seen Lorenzi et al. [2015] ; Bjørk and Nielsen [2015] .
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The maximum theoretical performance of unconcentrated solar photovoltaic and thermoelectric generator systems -2/7 unconcentrated systems. We present the maximum theoretical performance of both combined and tandem PV and TEG systems for unconcentrated systems. We present an analytical approach that only relies on established material properties, such as the thermoelectric figure of merit, zT , and the PV Shockley-Queisser limit. The results are applicable to all current and future PV and TEG technologies and materials, as long as the system is not exposed to concentrated light. A somewhat similar approach was considered by Lorenzi et al. [2015] , except the performance was not given as a function of zT .
The studied systems
We consider two kinds of PV and TEG systems, namely a combined system and a tandem system. In a combined system, the TEG is mounted directly on the back of the PV. The hot side temperature of the TEG is thus equal to the temperature of the PV. In a tandem system, the incoming sunlight is split in wavelength by a dichroic beam splitter at a wavelength λ SQ , such that the low energy (long wavelength) light is sent to the TEG, while the high energy (short wavelength) light is sent to the PV.
TEG properties
We consider a general TEG, for which the efficiency is given according to the figure of merit, zT , of the device. The efficiency as a function of zT is given by [Rowe, 2006] 
where T H and T C are the hot and cold side temperatures, respectively, and the figure of merit is
where σ is the electrical conductivity, S is the Seebeck coefficient, T is the temperature and κ is the thermal conductivity.
Here we take zT to be a material parameter, as is traditionally done in the field of thermoelectrics. For current thermoelectric materials zT varies between 0.5 to 1.5, and increases significantly with temperature Ngan et al. [2014] ; Bjørk [2015] . It is noted that a TEG operates between a hot, T H , and a cold, T C , temperature and that zT is a function of temperature. Thus zT in Eq. (1) can be considered as the average value over the temperature range T C to T H . A TEG can be designed with an arbitrary thickness or area, and thus its thermal resistance can be completely controlled without affecting its zT value. We also consider the maximum theoretical efficiency possible when operating a heat engine between two thermal reservoirs, namely a Carnot engine. For this the efficiency is given as
This corresponds to a TEG with zT → ∞.
PV properties
We consider a single p-n junction PV that performs at the maximum theoretical efficiency, known as the Shockley-Queisser (SQ) limit Shockley and Queisser [1961] . In this limit losses occurring due to impedance matching, recombination, blackbody radiation and spectrum losses are all accounted for. The efficiency of the SQ PV depends on the band gap of the p-n junction, or correspondingly on the wavelength, here termed λ SQ . The efficiency has been tabulated as a function of λ SQ for a PV cell operating at 25 • C irradiated by the AM 1.5G spectral irradiance (ASTM G173-03) and considering radiative emission only from the front side due to a perfect reflector at the rear side Rühle [2016] . These tabulated values are used throughout this work. For the case of the combined PV and TEG, the PV will increase in temperature. The degradation in PV efficiency with temperature is given by 
The physical models
We assume an incoming solar flux of 1000.37 Wm −2 and the full AM 1.5G spectral irradiance (ASTM G173-03), with an intensity denoted by I AM1.5 as a function of frequency. First, we consider the combined PV and TEG system. Here the incoming solar flux will either be converted to electricity by the PV or to heat, raising the temperature of the PV and the hot side of the TEG. The efficiency of the PV is given by the SQ limit as a function of wavelength as described above. The amount of heat available to the TEG depends on the efficiency of the PV through Q hot = Q sun (1 − η PV ) plus an additional heat Q amb , which is the radiation from the ambient. This accounts for the fact that the PV surface can never drop to a temperature below the ambient temperature. For the combined case, the incoming radiation is simply given as the integral over the full AM 1.5G spectrum, equalling Q sun = 1000.37 Wm −2 . In equilibrium the available heat Q hot + Q amb must be equal to the heat radiated from the hot surfaces of the PV and TEG, Q rad , and the heat conducted through the TEG to its cold side, Q TEG , i.e. T h e rm o e le c tr ic g e n e ra to r (T E G )
λ<λ SQ λ>λ SQ Th er m oe le ct ric ge ne ra to r (T EG ) Figure 1 . An illustration of the two systems considered. In the tandem system, the incoming solar radiation, Q solar , is split between the PV and TEG at a wavelength λ SQ .
Here we have ignored all other losses than radiative. Convective losses could also be included as a loss term in Eq. 5, but this would reduce the efficiency further. As we are interested in the ideal performance convective losses are ignored. The heat radiated from the hot surfaces of the PV and TEG is given by Stefan-Boltzmanns law, as is the incoming ambient radiation. We thus have for the hot side temperature, T ,
Here η PV is a function of temperature and λ SQ , and thus the above equation cannot be solved analytically. However, a solution can be obtained for values of Q TEG by iteration, i.e. by guessing a temperature and solving the terms in Eq. 6 until the equation is satisfied. The ambient temperature is taken to be T amb = 25 • C. The parameter σ SB = 5.670367 * 10 −8 Wm −2 K −4 is the Stefan-Boltzmann constant. We assume an emissivity of 1 in Stefan-Boltzmanns law, in order for the PV (and TEG) to absorb as much sunlight as possible. Note that the emissivity is not considered to be a function of wavelength, as is discussed below. For the tandem system, the model is simpler. Here the heat available to the TEG is the fraction of the solar spectrum above the chosen λ SQ , i.e.
The efficiency of the PV in this system does not dependent on temperature, as the PV is assumed to be cooled to the ambient temperature. The efficiency of the PV is thus given by the chosen λ SQ according to the SQ limit. For the TEG, there is a balance between the available heat, the heat transferred through the TEG and the heat radiated to the surroundings.
Thus Eq. 5 still holds except with Q hot as given above. Contrary to the combined case, for the tandem case this equation can be solved analytically for the temperature of the TEG, for any value of Q TEG , as the PV efficiency does not depend on the temperature of the TEG.
In design of solar collectors and solar thermoelectric generators a useful trick in order to increase the temperature of the system is to use a material for which the emissivity depends on wavelength, i.e. a non black body system. Using such a material the high wavelength radiation can be absorbed and turned to low wavelength heat, where the emissivity has been designed to be lower. This can raise the temperature of the system significantly and thus increase performance of TEG devices. However, here this trick is not considered, as the PV absorbs the high wavelength radiation. Thus here we assume a constant emissivity of 1, that is not a function of wavelength, to obtain as efficient a system as possible.
For both the tandem and the combined case, once the temperature is found as a function of Q TEG the maximum total efficiency of the PV and the TEG system is determined, as a function of Q TEG . This means that the TEG is chosen to have a thickness or area, i.e. a thermal resistance, that maximizes the total efficiency of the PV and TEG system. In this regard it matters not how many legs or what thermoelectric material the TEG is made of. The efficiency of a TEG does not depend on how much heat is conducted through it, and thus the TEG can be chosen with a thickness that maximizes the total efficiency. As stated previously this is done as a function of the thermoelectric figure of merit parameter zT , which is the only parameter needed to specify the performance of a TEG. It should be noted that in both the combined and tandem case, we assume that the cold side of the TEG, and for the tandem case also the PV, can be cooled for free.
Results
We first consider the maximum performance of both a system with ideal components and a system with a current generation high performing PV. For the latter case, this corresponds to a PV with a β -coefficient of 0.265 % K −1 , which is the average β -coefficient of c-Si, a-si, CIGS and CdTe PV cells. As TEG we initially consider a device with zT → ∞, i.e. a Carnot engine, to establish the maximum efficiency possible. The total efficiency, i.e. the fraction of incoming sunlight converted to electricity, is shown as a function of λ SQ in Fig. 2a . The efficiency of the PV peaks at a value of λ SQ ≈ 900 nm, which is the optimal value for λ SQ Rühle [2016] . The figure breaks the efficiency down into the PV, Carnot and combined efficiencies. As can be seen, adding a Carnot engine will, in the combined case with β = 0.265 % K −1 raise the efficiency by approx. 2 percentage points (pp.) while for the tandem case the gain in efficiency is 1.2 pp., compared to the stand alone PV. For the case of β = 0 % K −1 , the gain in efficiency is 4.5 pp. Note that the η PV values for the tandem case are the tabulated values from Ref. Rühle [2016] , i.e. the maximum stand-alone PV efficiency. Also note that there is no difference between the performance of the PV in the tandem case and in the combined case with β = 0 % K −1 .
For each value of λ SQ the heat flow through the Carnot engine is varied as described in Sec. 3 to determine the optimal combined efficiency of the PV and TEG. Once this thermal resistance has been found, the temperature is computed. This is shown in Fig. 2b . The temperature varies between 350 K and room temperature, with the temperature being highest for the combined case. It is also seen that the combined system with β = 0 % K −1 has maximum efficiency at a higher temperature than the system with β = 0.265 % K −1 , where the efficiency of the PV decrease with temperature.
The reason that the gain in efficiency is only a few percentage points is because the temperature of the hot side remains low. The reason for this is that the temperature cannot be raised more for systems without solar concentration. For an unconcentrated black-body system at the surface of the Earth, the maximum temperature that can be reached can be computed trivially from Stefan-Boltzmanns law as
= 364.5 K, provided all the incoming radiation is absorbed and reemitted.
Instead of the Carnot engine considered above, we now consider a TEG with a given zT value. The computations done are similar to those described for the Carnot engine above, i.e. the optimal thermal resistance is determined for each value of λ SQ . The maximum efficiency is then determined for all values of λ SQ , for a range of zT values. The resulting maximum efficiency as a function of zT is shown in Fig. 3 . Note that the highest performing thermoelectric material today has zT ≈ 2, and this is at a much higher temperature than the maximum 364 K considered here. As can be seen from the figure, for the tandem case a TEG with an arbitrarily low value of zT will result in a gain in efficiency. This is because the incoming light is split between the TEG and the PV, and thus the TEG will always contribute with a net efficiency to the overall system. For the combined case, this is not the case. Here a positive value of β means that any temperature above room temperature will result in a decreased performance of the PV. If the zT value of the TEG is too low, the power produced by the TEG is lower than the power lost by heating the PV. If this is the case, the optimal configuration is one where the TEG is simply not present. There is thus a minimum value of zT that the TEG must have in the combined case, in order for the PV and TEG system to be more efficient than the PV alone.
The corresponding maximum efficiency of the combined case as a function of zT and β is shown in Fig. 4 . As can be seen the gain in efficiency by adding a TEG to a PV is only a few percentage points, even for the ideal case of β = 0 and an extremely efficient thermoelectric module with very high zT value. This very small gain in performance for an unconcentrated device is completely in line with experiments, which see only a minor gain in output power Mizoshiri et al. [2012] ; Ju et al. [2012] , and also in line with previous modeling results Bjørk and Nielsen [2015] ; Lorenzi et al. [2015] . However, here we have established that this will always be the case, regardless of how efficient TEGs are made in the future. We have thus shown that is it necessary to concentrate the solar radiation Zhang et al. [2014] in order to gain a high performance of a PV-TEG system.
Finally, we saw in the analysis described above that a minimum value of zT was required in order for the combined PV and TEG system to be more efficient than a PV alone. This minimum zT value has been determined as a function of β and is shown in Fig. 5 . As seen from the figure, as the performance of the PV decreases, the less efficient the TEG needs to be in order to contribute positively in a combined system.
Conclusion
We have investigated unconcentrated PV and TEG systems, both a combined system where the TEG is mounted directly on the back of the PV and a tandem system where the incoming sunlight is split and the short wavelength radiation is sent to the PV and the long wavelength to the TEG. An analytical model was presented that accounts for the incoming radiation from the sun and is based on the Shockley-Queisser efficiency limit for PVs and the efficiency of a TEG as a function of the material figure of merit zT . From this model the performance of both the tandem and the combined system was calculated as a function of the PV efficiency, zT and temperature dependence of the PV, β . It was shown that even if the TEG is as efficient as a Carnot engine and the performance of the PV does not depend on temperature, the maximum increase in The minimum value of zT needed in a combined system in order to produce an efficiency higher than the stand alone PV efficiency, as a function of β . The line is a guide to the eye. efficiency is 4.5 percentage points (pp.) for the combined case and 1.8 pp. for the tandem case. For a more realistic case with a temperature dependent PV and a more realistic TEG, the gain in performance is significantly lower. For the combined PV and TEG system it was also shown that a minimum zT value is needed in order for the system to be more efficient than a stand alone PV system.
